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Abstract. We give a new construction of polyhedra with specified links and use this to investi-
gate SQ-universality of groups with certain presentations. In particular, we answer negatively a
question of J. Howie from [14] on SQ-universality of groups with so-called special presenta-
tions.
1 Introduction
The second-named author gave a method in [24] for constructing certain polyhedra
with specified links that turn out to be incidence graphs of generalized polygons. This
has been applied, for example, in [15] to group presentations in which each relator is
a positive word in the generators. The purpose of this note is twofold. We first give
a more general version (Theorem 1) of the construction mentioned above which will
enable us to consider presentations which allow for the presence of inverses of the
generators in the words that form the set of relators.
Our second result concerns SQ-universality. Recall that a countable group G is
SQ-universal if every countable group can be embedded in a quotient of G. Examples
of SQ-universal groups include many HNN-extensions and amalgamated free prod-
ucts [16], [17]; groups of deficiency 2, groups of deficiency 1 in which at least one re-
lator is a proper power, and many groups having balanced presentations in which at
least two of the relators are proper powers (see [8] and the references there); most
Cð3Þ–Tð6Þ groups [14]; non-elementary hyperbolic groups [21]; and, more recently,
non-elementary groups hyperbolic relative to a collection of proper subgroups (in-
cluding groups with an infinite number of ends) [1] and many mapping tori of free
group endomorphisms [5]. On the other hand it is shown in [12] that if K is an alge-
braic number field and R an order of K then SLnðRÞ is SQ-universal if and only if
n ¼ 2 and either K ¼ Q or K is an imaginary quadratic number field.
Here we apply Theorem 1 together with known results on buildings to answer
negatively a question of J. Howie in [14]. In particular we show that the Cð3Þ–Tð6Þ
groups from Question 6.11 of [14] turn out to be just infinite (infinite groups all of
whose non-trivial normal subgroups have finite index) and so are not SQ-universal.
In fact, in the hope that it may be of interest to the reader, we generalize the notion of
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so-called special group presentations from [14] and, using known results, analyse (in
Theorem 2) when groups from this more general class are SQ-universal.
2 Special presentations
We use P ¼ hX jRi to denote a presentation of a group G and we will require that
every relator r A R is a cyclically reduced word in the generators X and if r A R then
no other cyclic permutation of r or r1 is in R.
The star graph of P is the graph G with vertex set the disjoint union X UX1, and
an edge from x to y for each distinct word x1yw that is a cyclic permutation of an
element of RUR1. The edges corresponding to x1yw and y1xw1 form an inverse
pair. Note that a relator of the form x3, say, gives rise to exactly one inverse pair
of edges between x and x1, and that each inverse pair of edges contributes a single
directed edge in G.
Definition 1. A presentation P ¼ hX jRi is defined to be ðm; kÞ-special for positive
integers md 2 and kd 3 if it is a finite presentation such that the following condi-
tions hold:
(i) the star graph G of P is a connected, bipartite graph of diameter m and girth 2m
in which each vertex has degree at least 3;
(ii) each relator r A R has length k; and
(iii) if m ¼ 2 then kd 4.
The group G is defined to have a special presentation if G can be defined by an
ðm; kÞ-special presentation for some m and k. (We remark that our definition is in-
spired by Howie [14] whose definition of special presentation coincides with being
ð3; 3Þ-special.)
Remarks. (1) By [18, Lemma 1.3.6] condition (i) is equivalent to G being the incidence
graph of a generalized m-gon. Since G is finite it then follows from the theorem of Feit
and Higman [10] that m A f2; 3; 4; 6; 8g.
(2) The fact that G has girth 2m implies that P satisfies the small cancellation con-
dition Tð2mÞ (see, for example, [13]).
(3) Since each vertex of G has degree > 1 it follows that each generator x A X
and its inverse x1 is a piece. Since G has girth > 2 it then follows that there are no
pieces of length 2 and therefore P satisfies the small cancellation condition CðkÞ; see
[17].
(4) Examples of ð2; 4Þ-special presentations appear in the work of Wise [25] and
of Rattaggi [22], [23] whose approach is essentially due to Burger and Mozes [4]. Ex-
amples of ð3; 3Þ-special presentations can be found in [9] and, more generally, in a
construction due to Howie [14] and also the so-called triangle presentations of Cart-
wright, Mantero, Steger and Zappa [6]. In fact as we shall see later it turns out that
these two latter constructions produce the same presentations. An example of a
ð4; 3Þ-special presentation can be found in [15].
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In [24] the second-named author introduced the notion of polygonal presentation
for n disjoint connected bipartite graphs. The polygonal presentations defined in [24]
were used to obtain infinite families of polyhedra with specified links. (Recall that the
link of a polyhedron at vertex v is the graph obtained by intersecting the polyhedron
with a sphere of su‰ciently small radius centred at v.) Here we give a more general
version which will allow us in particular to consider group presentations in which the
relators involve inverses of the generating set.
Definition 2. Let G1; . . . ;Gn be n disjoint connected graphs with vertex sets VðGiÞ, and
let VðGÞ be the disjoint union of the sets VðGiÞ. A set K of k-tuples ðy1; . . . ; ykÞ,
where yj A VðGÞ, is called a l-polygonal presentation over G1; . . . ;Gn if there are sub-
sets U1, U2 of VðGÞ such that jU1j ¼ jU2j and VðGÞ is the disjoint union of U1 and
U2 together with a bijection l : U1 ! U2 for which the following conditions are sat-
isfied:
(1) ðy1; y2; . . . ; ykÞ AK implies that ðy2; y3; . . . ; yk; y1Þ AK;
(2) for each i and any pair of adjacent vertices u; v in Gi (1c ic n),K contains ex-
actly one k-tuple ðy1; y2; . . . ; ykÞ such that either y1 ¼ u and y2 ¼ v or y1 ¼ v
and y2 ¼ u, where x ¼ lðxÞ if x A U1 and x ¼ l1ðxÞ if x A U2; and all k-tuples
ofK arise in this way.
Remark. The definition of l-polygonal presentation di¤ers from that of polygonal
presentation in [24] in that we allow more flexibility in the choice of the so-called
basic bijection l.
A l-polygonal presentation K can be used to construct a 2-dimensional complex
K as follows:
(C1) for each cyclic k-tuple ðy1; . . . ; ykÞ form a clockwise oriented k-gon with
boundary label y1 . . . yk;
(C2) in each k-gon replace each edge labelled by some y A U2 with an edge labelled
y A U1 oriented anti-clockwise;
(C3) identify all edges of the set of k-gons having the same label, respecting orienta-
tion.
Definition 3. We define a polyhedron to be a closed, connected 2-complex K ob-
tained by identifying edges of a given set of k-gons (kd 3). If the 2-complex K
obtained from a l-polygonal presentation K is a polyhedron, we say that K corre-
sponds toK.
Example. Let G be the graph given by Figure 1. Then VðGÞ ¼ fai; bi ð1c ic 7Þg.
Let
U1 ¼ fa1; a3; a4; a5; a6; a7; b3g; U2 ¼ fa2; b1; b2; b4; b5; b6; b7g
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and define l : U1 ! U2 by lða1Þ ¼ a2, lða3Þ ¼ b1, lða4Þ ¼ b2, lða5Þ ¼ b5, lða6Þ ¼ b6,
lða7Þ ¼ b7 and lðb3Þ ¼ b4. Then
K ¼ fða1; b1; b3Þ; ða2; b3; a4Þ; ðb4; a5; a1Þ; ða3; a3; a6Þ;
ða4; a5; a7Þ; ða4; a7; a6Þ; ða5; a6; a7Þg
together with their cyclic permutations is a l-polygonal presentation over G. The
polyhedron K is obtained by identifying edges of the seven 3-gons in Figure 2 having
the same label (up to orientation).
The following theorem is an improvement of the lemma in [24], since it gives an
‘if and only if ’ description of the polyhedra under consideration.
Theorem 1. Let Gi ( for 1c ic nÞ be pairwise disjoint, connected, graphs each having
no loops or multiple edges and such that jV j is even where V ¼ VðG1ÞU   UVðGnÞ.
Then a polyhedron K has exactly n vertices with links G1; . . . ;Gn if and only if K cor-
responds to a l-polygonal presentationK over G1; . . . ;Gn.
Proof. We first prove that if K corresponds to a l-polygonal presentation over
G1; . . . ;Gn, then it has exactly n vertices with links G1; . . . ;Gn. Observe that the verti-
ces of K are obtained from the vertices of the k-gons used in the construction of K .
By condition (2) each vertex v of each labelled k-gon can be uniquely denoted as a
pair ðx; yÞ where x and y are the labels (reading clockwise) of the two edges incident
at v before performing (C2) and (C3) above. We will say that ðx; yÞ corresponds to
Gi for some i if x and y are adjacent in Gi. Since each ðx; yÞ corresponds to exactly
Figure 1
Figure 2
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one Gi, in order to show that K has n vertices it su‰ces to show that all vertices
corresponding to the same Gi for a fixed i are identified in forming K . Suppose
then that the vertices v1 denoted by ðs1; t1Þ and v2 denoted by ðs2; t2Þ both corre-
spond to Gi. Then t1 and s2 both lie in Gi and since Gi is connected there is a path
p ¼ t1z1z2 . . . zms2 in Gi from t1 to s2. But the fact that there is an edge in G connect-
ing t1 and z1 means that there must be a vertex, u say, denoted by either ðt1; z1Þ or
ðz1; t1Þ and so, after performing (C2) and (C3), u will be identified with v1 (see Figure
3, in which the edges labelled by s1 and z1 have arbitrary orientation). Continuing
this argument along the path p we see that each vertex will be identified with the
next and so v1 will be identified with v2, as required.
Now let S be a sphere of small radius centred at the vertex v, say, of K and let H
denote the graph S VK . Suppose that v is obtained by the identification of all the
vertices corresponding to Gi for some fixed i. We will show that HGGi. Observe
that the vertices of H are the intersections of S with the set Ev of edges of K incident
at v and so jVðHÞj ¼ jEvj. Let u A VðGiÞVU1 and suppose that u and w, say, are
vertices incident in Gi. Then by (2) either ðu;w; . . . ; ykÞ or ðw; u; . . . ; ykÞ is a k-tuple
in K. Since u A U2 this means that the label used for the edge in the corresponding
k-gon after applying (C2) will be u in each case. Similarly if u A VðGiÞVU2 then the
label will always be u. It follows that there is a one-to-one correspondence between
the vertices of Gi and the labels of the edges of Ev and so jVðGiÞj ¼ jEvj ¼ jVðHÞj.
Moreover the edges of H are the intersections of S with the faces of the k-gons of K
incident at v and these intersections are in one-to-one correspondence with the edges
of Gi so jEðHÞj ¼ jEðGiÞj. Finally if e is an edge of K with label x and incident at v
then labelling the corresponding vertex S V e of H by x if e is directed towards v or by
x if directed away from v ensures that two vertices are adjacent in H if and only if
they are adjacent in Gi.
For the converse let K be a polyhedron with n vertices and links G1; . . . ;Gn satisfy-
ing the conditions of the theorem. Fix an orientation of EðKÞ and let vi; vj A VðKÞ
with corresponding links Gi, Gj with the understanding that i and j need not be dis-
tinct. Let e be an edge in K connecting vi to vj. Then e contributes two vertices to V
namely the intersection of Gi and Gj with e (i0 j) or the two intersections of Gi with
e (i ¼ j). Suppose without loss of generality that e is directed from vi to vj in the
chosen orientation of EðKÞ. Then label the first intersection Gi V e by ue and the
Figure 3
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second intersection Gj V e (or again Gi V e) by ve, set ve ¼ lðueÞ and label e also by ue.
Do this for each edge of K to obtain a labelling of EðKÞ, a pair of disjoint subsets U1,
U2 of V such that U1 UU2 ¼ V and a bijection l : U1 ! U2. Finally construct the
k-tuples of K as follows. Take in turn each k-gonal face F used to construct K ,
choose an orientation of F and let the edge labels of F be y1; y2; . . . ; yk read o¤ in
the direction of the chosen orientation of F with no attention so far being paid to the
orientation of each edge. Then for 1c ic k the ith co-ordinate of the corresponding
k-tuple is yi if the edge labelled yi in F is oriented in the same direction as the orien-
tation of F and yi otherwise. LetK be the set of k-tuples obtained in this way from
the faces of K together with their cyclic permutations. Then certainly (1) holds forK
and (2) holds since the links Gi have no loops or multiple edges. Finally consider two
adjacent vertices in Gi, say. There are four cases: ue, uf ; ue, vf ; ve, uf ; and vf , uf . For
the first of these cases there are two mutually exclusive possibilities and these are
shown in Figure 4. Reading the labels in the direction of the orientation shown yields
ue, uf and uf , ue and then taking the direction of the edges into account these yield
coordinates ue ¼ ve, uf and uf ¼ vf , ue for the corresponding k-tuple and so (2) holds.
The other three cases are similar so we omit the details. r
Lemma 1. Let P ¼ hX jRi be an ðm; kÞ-special presentation with star graph G. Then
there is a l-polygonal presentation K over G with corresponding polyhedron K such
that K has exactly one vertex whose link is G.
Proof. If r A R then r has length k, say r ¼ x1 . . . xk (with xi A XG), and we form a
corresponding k-tuple ðx1; . . . ; xkÞ. Let K denote the set of k-tuples formed in this
way together with their cyclic permutations. Let
U1 ¼ fx : x A Xg; U2 ¼ fx1 : x A Xg
and define l : U1 ! U2 by lðxÞ ¼ x1 for all x A X . Then VðGÞ is the disjoint
union of U1 and U2. Clearly condition (1) in the definition of l-polygonal presen-
tations holds. For (2) suppose that y and z are vertices incident in G. Then the
fact that G has girth 2md 4 guarantees that a cyclic permutation of exactly one
of the relators in R will equal either y1zx3 . . . xk or z1yx1k . . . x
1
3 yielding either
ðy1; z; x3; . . . ; xkÞ in K or ðz1; y; x1k ; . . . ; x13 Þ in K. If y A X then y1 ¼ lðyÞ
Figure 4
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and if y A X1 then y1 ¼ l1ðyÞ and a similar statement holds for z, so (2) holds.
Let K be the 2-complex constructed fromK. The fact that each vertex in G has de-
gree at least 3 ensures that K is closed and the rest of the statement of the lemma
follows from Theorem 1. r
Example. Let P ¼ hX jRi where X ¼ fa; b; c; d; e; f ; gg and
R ¼ fab1d; a1dc; d1ea; bbf ; ceg; cgf ; efgg:
Then P is a ð3; 3Þ-special presentation whose star graph G is bipartite on
fa; a1; b; c; e; f ; ggU fb1; c1; d; d1; e1; f 1; g1g:
Defining lðxÞ ¼ x1 (for all x A X ) we see that
K ¼ fða; b1; dÞ; ða1; d; cÞ; ðd1; e; aÞ; ðb; b; f Þ; ðc; e; gÞ; ðc; g; f Þ; ðe; f ; gÞg
together with all cyclic permutations is a l-polygonal presentation over G. In fact
with the correspondences
a a1; b a3; c a4; d  b3; e a5; f  a6; g a7; a1  a2;
b1  b1; c1  b2; d1  b4; e1  b5; f 1  b6; g1  b7
we recover the graph G of Figure 1 as the star graph of P.
We consider now the SQ-universality of ðm; kÞ-special presentations.
Theorem 2. Suppose that the group G can be defined by an ðm; kÞ-special presentation
P. Then the following statements are true.
(i) If m ¼ 2 and k ¼ 4 then G has a free subgroup of rank 2 and there are examples
where G is SQ-universal and where G is not SQ-universal.
(ii) If m ¼ 2 and k > 4 then G is SQ-universal.
(iii) If m ¼ k ¼ 3 then G has a free subgroup of rank 2 but is not SQ-universal.
(iv) If m ¼ 3 and k > 3 then G is SQ-universal.
(v) If m A f4; 6; 8g then G is SQ-universal.
Proof. In all cases P satisfies either Cð4Þ and Tð4Þ or Cð3Þ and Tð6Þ. Since none
of the presentations in [7, Main Theorem] and in [9, Theorem 8.1] are ðm; kÞ-special
it follows that G always has a free subgroup of rank 2; in particular G is non-
elementary. Statements (ii), (iv) and (v) now follow from [21] since in these cases G
is hyperbolic by [11, Corollary 4.1].
Let m ¼ 2 and k ¼ 4. Then [23, Example 3.4] is a ð2; 4Þ-special presentation of a
group containing a torsion-free simple group of index 4 and so is not SQ-universal
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[20]. On the other hand [22, Example 2.52] is an example of a ð2; 4Þ-special presenta-
tion that defines an SQ-universal group.
Finally let m ¼ k ¼ 3 and so G can be defined by a ð3; 3Þ-presentation P ¼ hX jRi.
By Lemma 1 there is a l-polygonal presentationK over the star graph G of P whose
corresponding polyhedron has one vertex such that the link is G, that is, the incidence
graph of a finite projective plane (or generalized 3-gon). Now the universal cover of
such a polyhedron is an ~A2-building on which the group G, being the fundamental
group of the polyhedron, acts cocompactly; see, for example, [2] or [3]. It follows
that if G is defined by a triangle presentation as defined in [6] then we can appeal
to the Margulis normal subgroup theorem [19] to deduce that G is just infinite. In
fact both of the constructions in [6] and [14] use the cyclic group K =k  where
K ¼ GFðq3Þ, called S in [14] and P in [6]. In [14, §6] the triples used to produce the
special presentations are obtained from a uniquely defined subset l of S such that the
product Pfx : x A lg equals 1. On the other hand in [6, §4] the triples are obtained
using elements x A P such that TrðxÞ ¼ 0. But in the proof of [6, Theorem 5.1] it is
shown that the product of such elements x equals 1. Thus the special presentations
of [14, §6] coincide with the triangle presentations of [6] and so are also just infinite.
More generally however we can appeal to a recently announced result of Shalom and
Steger (in preparation) which extends the Margulis normal subgroup theorem to any
discrete subgroup of the automorphism group of a locally finite ~A2-building provided
that the action is cocompact (and in particular applies to our situation) to deduce
that G is just infinite. r
We end with two problems. The methods of [6], [14] and [22] encourage the
following.
Problem 1. Are there ‘example machines’, that is, general methods, for producing
ðm; kÞ-special presentations for m A f4; 6; 8g?
A group is large if it contains a subgroup of finite index that maps onto the free
group of rank 2. Large groups are SQ-universal but the converse is not true. There
has been a lot of recent interest in largeness. See, for example, [5] and the references
therein.
Problem 2. Which groups having special presentations are large?
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